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1 Introduction 



This paper is a continuation of [ ESI | and [EV2]. 

In [EV2], A.Varchenko and the first author considered weighted traces of 
products of intertwining operators for quantum groups U q (g) , where g is a simple 
Lie algebra. They showed that the generating function Fy L ,...v N (\fJ') of such 
traces (where A, \x are complex weights for g) satisfies four commuting systems 
of difference equations - the Macdonald-Ruijsenaars (MR) system, the quantum 
Knizhnik-Zamolodchikov-Bernard (qKZB) system, the dual MR system, and the 
dual qKZB system. The first two systems are systems of difference equations 
with respect to A, which involve Felder's trigonometric dynamical R-matrix 
depending of A. The second two systems are systems of difference equations 
respect to fi, which are obtained from the first two by the transformation A — > 



V, 



N-i+l- 



Such a symmetry is explained by the fact that the function 



Fvi,...V N (^, (!■) i s invariant under this transformation. 

If the quantum group U q (g) is replaced with the Lie algebra g, these results 
are replaced with their classical analogs (| EV2 |). Namely, the MR and qKZB 
equations are replaced by the classical MR and KZB equations, which are differ- 
ential equations involving Felder's classical trigonometric dynamical r-matrix. 
The dual MR and KZB equations retain roughly the same form, but involve 
the rational quantum dynamical R-matrix rather than the trigonometric one. 
Thus, the symmetry between A and /i is destroyed. 

In [ESI], we generalized the classical MR and KZB equations to the case 
when the trace is twisted using a "generalized Belavin-Drinfeld triple", i.e. a 
pair of subdiagrams Ti,r2 of the Dynkin diagram of g together with an iso- 
morphism T : T\ — > T2 between them. It turned out that such twisted traces 
also satisfy differential equations which involve a dynamical r-matrix, namely 
the one attached to the triple (ri, T2, T) by the second author in S. 

After I ESI I was finished, we wanted to generalize its results to the quantum 
case. It was clear to us that to express the result we would need an explicit 
quantization of classical dynamical r-matrices from Therefore, we hoped 



that attempts to quantize the results of [ESI | using the approach of |EV2| could 
help us obtain such a quantization (which was unknown even for the usual 
Belavin-Drinfeld classical r-matrices). This program did, in fact, succeed, and 
the quantization of dynamical r-matrices from jS| was recently obtained in [ESS]. 

In this paper, using the results of [ESS] and methods of [EV2], we generalize 
the difference equations from [EV2] to the twisted case; this also provides a 



quantum generalization of [ESI . Namely, we deduce difference equations with 
respect to the weight A for the generating function of the twisted traces for 
Uq(g), - the twisted MR and qKZB equations. Not surprisingly, they involve 



the dynamical R-matrix constructed in [ ESS | . In the case when T is an auto- 
morphism of the whole Dynkin diagram of g, we also deduce the twisted dual 
MR and qKZB equations, i.e. the difference equations with respect to the other 
weight fi. These equations in volve the usual (Felder's) dynamical R-matrix, but 



differ from the equations of EV2 by explicit occurrence of T. Thus, we see 
that for T ^ 1, there is no symmetry between A and fx. 

If T is not an automorphism, we do not expect the existence of the dual 
equations. This is explained at the end of Section 2. 

Replacing U q (g) with g, we obtain the classical limit of these results. The 



twisted MR and qKZB equations become their classical analogs from | ES1 |. The 
dual equations retain their form, but the trigonometric R-matrices are replaced 
by their rational limits. 

Finally, we adapt the construction of the quantum dynamical R-matrices 



from [ESS | to the case when g is an arbitrary symmetrizable Kac-Moody algebra. 



This yields quantizations of the classical dynamical r-matrices from [ESI] in the 
case of Kac-Moody algebras. Again, the generating functions for twisted traces 
of intertwiners for U q (g) satisfy a set of difference equations involving these 
quantum dynamical R-matrices, and a set of dual difference equations if in 
addition T is an automorphism of the Dynkin diagram. 

In the next paper, we plan to generalize these results to the case of afhnc 
algebras, when traces take values in finite-dimensional representations. This 
involves dynamical R-matrices with spectral parameters. In particular, we plan 
to obtain a trace representation of solutions of the elliptic qKZ equation (with 
Bclavin's elliptic R-matrix), and compute its monodromy. 

Rem ark. The elliptic qKZ equation is important in statistical mechanics (see 



JM|). For its classical version, the trace representation of solutions and mon- 



odromy are obtained in [El]. The problem of quantizing the results of ||El| was 



suggested to the first author by his advisor I. Frenkel as a topic for his PhD 



thesis in 1992. After this the first author tried to quantize the results of [El 
(see [|E^]) but obtained only partial results. 

1.1 Notations 

Let g be a simple complex Lie algebra with a fixed polarization g = n_ffi()©n + . 
Let r (resp. A) be the Dynkin diagram (resp. the root system) of g. Denote 
by [obij) the Cartan matrix of g and let di be relatively prime positive integers 
such that (diaij) is a symmetric matrix. Let ( , ) be the nondegenerate invariant 
symmetric form for which (a, a) = 2 if a is a short root. Let {e Q , f a }aeA be a 
Chevalley basis of n_ © n+, normalized in such a way that (e Q , f a ) = 1 for all 
a and set h a — [e a ,f a ]- We also let 12 G g <g> g and 12 f, G f) ® f) be the inverse 
elements of the restriction of ( ) to g and f) respectively. 



Let q — e2 fi where H is a formal variable. For any operator A we set q A = e h ? . 
Let U q (g) be the Drinfcld-Jimbo quantized enveloping algebra of g. It is a 
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C[[7i]]-Hopf algebra with generators E a , F a , a£T and q h , h £ f) subject to the 
following set of relations : 



x-hy x v 

q +tf =q q y , x,y 



Gil q h E aj q- h = q a ^E aj , q h F aj q- h = q~ a ^ F aj 



qdih ai _ q—diho 



E (-D* 



k=0 

1 — CLU 



I J 



E (-!) fe 



fc=0 

where as usual 



1 — a 
k 

1 — di 
k 



qu~> — q 

El- a ^- k E aj E k ai =Q, i^j, 



F, 



1—an—k 



[k] q l[n-k] q \ 



[n] q \ = [1], ■ [2} q 



q - g_ 

q-q- 



Comultiplication A, antipode 5* and counit e in U q {o) are given by 

A{E ai ) = E ai ®q diho ' i +l®E*i, A(F Qi ) = F ai ®l+q~ d > h °"®F at , A(q h ) = q h ®q h 

S(E ai ) = -E ai q-^, S(F ai ) = -q d ^F u S{q h ) = q~ h 
e{E ai ) = e{F ai ) = 0, e(q h ) = 1. 

Let U q (n±) be the subalgebra generated by (E a ) a£ r and (-F Q )aer respectively. 
It is known that U q {o) is quasitriangular, with R-matrix 1Z £ q nt > U q (n+)(§iU q (n-). 
Here £g> denotes the completion with respect to the principal grading of U q (n±). 

1.2 Generalized Belavin-Drinfeld triples and classical dy- 
namical r-matrices 

Let [ C f) be a subalgebra on which ( , ) is nondegenerate. Let (xi)t e i be 
an orthonormal basis of [ and let (x 4 )i 6 / be the dual basis of [*. The classical 
dynamical Yang-Baxter equation with respect to I is the following equation : 



E 



,(D ^ 23 (A) _ (2) dr^(X) (3) dr^(X) 
dx l 1 dx l 1 dx* 



(1.1) 



+ [r 12 (X),r 1A (X)} + [r 12 (X),r 2i (X)} + [r li {X),r 2i {X)} = 



where r(X) : I* — > (g (gig) 1 is a meromorphic function. Solutions of ( p~d| ) relevant 
to the theory of Poisson-Lie groupoids (see [ EVl| , |ES2|, |Xrfl ) are those satis- 
fying the generalized unitarity condition, i.e r(A) + r 21 (A) — 5 is constant and 
S belongs to (S 2 g) . In || the second author classified all such solutions r(A) 
which are non skewsymmetric (that is, 5 ^ 0). Up to isomorphism and gauge 
transformations, they are labeled by the following combinatorial data called 
generalized Belavin-Drinfeld triples. 
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Definition. A generalized Belavin-Drinfcld triple is a triple (Ti,r2,T) where 
Ti,r2 C r and T : Y\ — > T2 is an orthogonal isomorphism. 



Let (Ti,r2,T) be a generalized Belavin-Drinfeld triple. Set 
[=(£<C(a-T(c*))) X Cf). 

a 

Note that [ is spanned by real elements so that the restriction of ( , ) to [ is 
nondegenerate. Let f)o C I) be the orthogonal complement to [ in [) and let 
fif, G f)o ® f)o be the element inverse to the form ( , ). The following lemmas 



are proved in ESI 



Lemma 1.1. There exists a unique Lie algebra homomorphism B : b_ — ► b_ 
(resp. B^ 1 : b + -> b +y ) smc/i f/iaf = / T ( Q ), B(h a ) = h T ( a ) if a e T ly 

B(f a ) = if a £Ti (resp. B^ 1 (e a ) = e T -i( a ), S _1 (ft, Q ) = h T --i( a ) if a G T 2 , 
-B _1 (e Q ) =0 if a ^ Y2), and i? ±:L (/i) = h if h E I. Moreover the restriction of 
B to b, is an orthogonal operator. 



Remark. We use the symbol B 1 for notational convenience only. The oper- 
ators B and B~ x are only inverse to each other when restricted to f). 

Lemma 1.2 (Cayley transform). For any x G f)o, there exists a unique ele- 
ment Ct{x) G f)o such that for all aeL one has (a—Ta, Ct{x)) = (a+Ta, x). 
The linear operator Ct ■ f)o — * f)o is skew- symmetric. 

The classical dynamical r- matrix associated to (Fi, T2, T) is 

r T (A) = -rf + e- l(a > x) e a A B l f a + ^(C T ® 1)0„ (1.2) 

a,l>l 

where tq = |fi[) + ^ a e a ® / Q is the standard classical r-matrix. 



1.3 Quantum dynamical R- matrices 



In our joint work with Travis Schedler [ ESS we obtain an explicit quantization 
of the r-matrices J"t(A). Namely, we construct a trigonometric function Rt{X) : 
I* — » C/ g (g)<8)C/ g (0) (tensor product in the category of topologically free C[[7i]]- 
modules) such that Rt(X) = 1 — hrT(X) mod (h 2 ) which satisfies the quantum 
dynamical Yang-Baxter equation 

£i?(A - lfih^)R^(X + ^hh^)Rf(X - -hhW) 

= R?(X + ^hh^)R l *{X - ^hh^)R l2 (X + \hhW). 

(1.3) 



In the above equation we used the usual notation for shifts in the dynamical 
variable: for instance, if S(X) is any meromorphic function [* — > C/ 9 (fl)® 2 we 
set S(X - \hh^) = S{X) - §§Ty- 3) + ■■■ (the Taylor expansion), where 

yi, ■ ■ ■ , y r is a basis of I and y 1 , . . .y r is the dual basis of [*. 
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The construction is based on the following result. Let I± C U q (b±) be the 
kernels of the projections U q (b±) — » U q (b,). Also set Z = ~((1 — Ct) ® l)Slf, . 
The maps B : U q (b-) -► C/ g (b_) and i?^ 1 : -> E/,(b+) are defined in the 

same fashion as in the classical case (see Lemma 1.1). 

To simplify notations we will write qf for (q A )i for any operator A (the 
operator q A acting on the i-th component of a tensor product). 

Theorem 1.1 ( JESS] ). There exists a unique trigonometric rational function 
J T -A* -> (U q (b_)®U q {b+)y such that 

1- Jr-q Z el-®l + , 

2. i7t(A) satisfies the modified ABRR equation : 

n 21 ql X B x {J T {\)) = MX)ql X q Ql . (1.4) 

Moreover Jt{\) satisfies the shifted 2-cocycle condition : 

J T (\)™' 3 (\)J™(\ + \h^) = rt 23 (\)J?(\ - \h^). (1.5) 

The quantum dynamical R- matrix Rx(X) is obtained by twisting 1Z by 
MX) : 

K T {\) = Jf 1 (A)^ 21 j| 1 (A), 

Note that the polarization we use here is the opposite to the polarization used 
in [ESS], where the twist Jt{X) was an element of U q (b + ) <g> U q (b~). 

One aim of this paper is to provide a representation-theoretic interpretation of 
the quantum dynamical R-matrix 72.y(A). This is done in terms of twisted traces 
of quantum intertwiners and of the systems of difference equations satisfied by 
them. 



2 Twisted traces of quantum intertwiners 

2.1 Definition 

Let be the Verma module over U q (o) with highest weight [i £ f)* and let 
V/j, be a highest weight vector. We will also consider the graded dual Verma 
module M* and let be its lowest weight vector satisfying (v* , u^) = 1. Let V 
be a finite-dimensional U q (g)-module and let V = ®„ V[v\ be i ts weight space 



decomposition. The following result is well-known (see e.g [ ES2 |) 
Lemma 2.1. Suppose that M* is irreducible. Then the map 

Hom Uq[8) {M^ M X ®V)^ V[n - A] 

is an isomorphism. 
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Conversely, for every weight v and every homogeneous vector v G V[v\ 
we will denote by ^ : — > M^ v ® V the unique intertwiner satisfying 
3>?^) = It will be convenient to consider all the operators <I>^ simul- 
taneously by setting 

$ m = $ m ® w * G HomciM^ M„_ v ® y ® 1/*), 

where £> is a homogeneous basis of V. 



Let (I 1 !, r 2 , T) be a generalized Belavin-Drinfeld triple. Let I, fj , Cr, . . . have 
the same meanings as in Section 1. Finally, let /i, fi' be weights satisfying the 
following relation : 

(n,a) = (fi',T(a)){oTaHaeTi. (2.1) 
We define a linear map B : — > M^/ by u ■ u M — > -B(u) • for all u G J7 9 (n_). 



Now consider finite-dimensional [7 9 (g)-modules V\ . . . , Vn and let v\ G Vi[/xi], 
. ,Vff G V)v[a*jv] be homogeneous vectors such that /I := J^i^i ^ t -1 - The set 



of pairs of weights (/j,, /i') satisfying (2.1) and such that jjf — /x = /i is an [*-torsor 



[*. For any such pair (/i, //) and for A G I*, we define the following formal power 
series in (Vi ® • • • <g> V N Y ® g 2 ( A ^)C[[?~ 2 ( A ' ai ), . . . , q- 2 ( x < a >-)}] by analogy with 



EV2| 



and 



where is a homogeneous basis of Fj. It is clear that ^ v Vn (X,^i) takes 
values in (Vi <g> • • • <g V^) 1 <S> (V£ <gs • • • <g> Vf*) 1 . 



2.2 The main results 

Our main result is that the functions ^fy v (A, /i) satisfy some interesting 
difference equations. These difference equations are more conveniently expressed 
after some renormalizations. Set 

MX) = Jt(-X -p+ + hP>)), JJt(A) - J T (A + -(/^ + h^)). 

Put Q T (A) = m 2 i(l ® 5- x )(J T (A)) = m 2 i(l ® S'- 1 )( J T (A)). We will denote 
simply by Q(A) the element corresponding to the trivial triple (r,r,/d). Also 
set R T {\) = J 7 T 1 (A)^ 21 J| 1 (A) and K T (A) = J T 1 (A)^ 21 J 2 , 1 (A). Define 

f T ~ N (\)=f/- N (\)---J%- 1 ' N (\). 

Finally, let 

^(A) = (Tr |M _ p ( J Bg 2A ))- 1 

be the twisted Weyl denominator. The explicit expression for 5j(X) is as follows. 
Let T3 be the subset of T\ P\T2 consisting of roots which return to their original 
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position after applying T several times, and let (r 3 ) be the set of positive roots 
which are linear combinations of roots from T%. For each a € (T3) let iV Q be 
the order of the action of B on a. Consider the Lie algebra g and define 6 a € C 
by B Na u a = a u a for any u a € g[ai\. Then (see [ESI]) 

${\) = <t , M n (i-8 a q- 2N « {a ' x} )- 

ae(r 3 )/B 

Define the renormalized trace function by 

*v u ... v» ( A > /*) = [Q~ 1 (n+h i * 1 '"* N) ) { * N) ®- ■ •®Q- 1 (M+/i ( * 1) ) ( * 1) ]¥'v 1) ... ,v N (^ -t*-P) 

where 



Let VF be a finite-dimensional [7 g (g)-module. Consider the following difference 
operator acting on functions I* — ► (Vi ® • • • ® V/v) f : 

^ = E ((«t) Wi (A + ft^ 2 -^) • ■ • (tt r ) w *(A))T„ (2.2) 

where T„/(A) = /(A + z/). In the above, we only consider the trace of the "diag- 
onal block" of (R T ) WVl (^ + h^- N ^) ■ ■ ■ (tt T ) Wjv (A), i.e the part that preserves 
W[v]. 

Theorem 2.1 (Twisted Macdonald-Ruijsenaars equations). 

VwF$ u ...y N (\»)=Xw(q- 2 nFv lt ...,v N (^»)> ( 2 - 3 ) 

where xw( x ) = dim W[v\x u is the character of W and where T>Jy acts on 
the variable A. 

This theorem is proved in Section 3. 



For each j 6 {1, . . . , N} consider the two following operators : 

Dj — Q*j " ' " (2-4) 

Kj = R™(A + hP +2 >- ■ ■ •E^'(A)- 1 r i R J T 1 (A + M 2 " + x 

(2.5) 

where Cf, = mi2(Qb) E U(t)) is the quadratic Casimir element for (), and where 
r,/(A) = /(A + /iW). 

Theorem 2.2 (Twisted qKZB equations). The function Fy v (A, /i) sat- 
is/ies £/ie following difference equation for all j = 1, . . . , N : 

F^.yjX^) = (Dj®Kj)F^_ y JX^). (2.6) 

This theorem is proved in Section 4. 
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Now suppose that (Ti,r2,T) is a complete triple, i.e Ti = T2 = T and T is 
an automorphism. In this case, the functions Fy(X, /i) satisfy in addition some 
dual difference equations, with respect to the variable fi. 



In a complete triple the maps B : U q (bJ) — * U q {b_) and B^ 1 : U q (b + ) — > 
£/ g (b + ) come from an automorphism _B : J7 9 (g) — ► l^(g). Let <i be the order of 
B and let (B) C Aut (U q (g)) be the subgroup generated by B. 

Let W be any finite-dimensional [7 g (g)-module. We denote by W B the twist 
of W by _B: as a vector space W — W B and the £/ g (g)-action is given by 
u ■ w — B~ 1 (g)w. Now suppose that W ~ W B as C/ g (g)-modules and let us 
fix an intertwiner in Hom t / a ( )(W', W B ) C Autc(W) of order d. This endows W 
with the structure of a module over (B) « U q (g). 



Consider the following difference operator acting on functions with values in 

= £ TV M (R^« (/i + • • • M^* (fi)B w )T^ (2.7) 

where T^f(p) — f(ji + v). 

Theorem 2.3 (Dual twisted Macdonald-Ruijsenaars equations). 

^^ 1 ,..^(A,M) = Tr | ^ (g- 2A B)F^ li ... > ^(A 1 /i). (2.8) 



Remark. Any B-invariant finite-dimensional U q (o) module is a direct sum of 
modules V VQ := @ ve ^B)u V" where V v is the irreducible highest weight module 
of highest weight v and where vq is dominant integral. It is easy to see that 
both sides of (2.8) identically vanish when W = V Vo and v ^ [* (i.e when 
B(vo) ^ vo). 



The twisted character Tri^o (<1 2X B) can be expressed explicitly when W = V U 
with v G [*. Consider the quotient Dynkin diagram T — {a = ^2 a ^a\a G 
r/(T)} which forms a set of simple roots in 1* with respect to the restriction 
of ( , ) to [*. Namely, if T = {a%, . . . , a n } is of type A n and if T is the "flip" 
T : cti i— > a n +i_i then T/(T) is where n = 2fc — 1 or n = 2fc; if T = D± 
and T is the rotation of order three around the trivalent root then T/(T) = Gi\ 
if r = Dk and T is the symmetry of order two around the trivalent root then 
T = Cfc_i; and if T = Eg and T is the symmetry around the trivalent root 
then r/ (T) = F4. Let A be the root system of T. Let g be the simple complex 
Lie algebra associated to V. Note that any weight v G I* is naturally a weight 
for r. However, the scalar product on [* is not the usual one corresponding to 
the root system A. For instance we have (57,57) = 2N a if N a is the number of 
elements in the T-orbit a and if any two elements of that orbit are orthogonal. 
For \ = Y, a C5-5 G I* set A = J2a ^j§) c "«- 
Proposition 2.1. For any v G I* we have 

Tr lw , (q 2X B)= XVv (q 2j ) 

where V v is the irreducible Q-module of highest weight v . 



Theorem 2.3 and Proposition 2.1 are proved in Section 5 



Now, define for each j 6 {1, . . . , N} the following operators 
d v,t 2A-Ci -n, ... -n, 

Kj' T = Rtj-i^jin + hS* 1 — 3 -*))- 1 • ■•R.i,.i(M)" 1 lB- 1W) x (2.9) 

where d = m l2 {n { ) e 17(0 and where r%- l(J) f(jJ.) = f(p + B^Qi^)). 

Theorem 2.4 (Dual twisted qKZB equations). The functions Fy v (A, /i) 
satisfy the following difference equation for each j — 1 . . . , iV : 

'A // r -/v r rjA.//: = (£»J' T ® Kj' T )F^ ..^...^(A,//). (2.10) 

This theorem is proved in Section 6. 



Remark 1. For T — Id, Theorems U W A appear in |EV2 



Remark 2. We do not expect the dual equations to exist for non-complete 
triples. This can be explained in the following way. Suppose that g is an afhne 
Lie algebra and that T = Id, so that rr(A, z) is the Felder elliptic dynami- 
cal r-matrix. In that case it is known that the the dual trigonometric qKZB 
equations without spectral parameter can be interpreted as monodromy of the 
flat connection on the torus defined by the classical (elliptic) KZB equations 
(see ]Ki|). One can show that this is true for any elliptic dynamical r-matrix. 



On the other hand, it was proved in [ESI] Proposition 4.2 that the classical 



dynamical r-matrix with spectral parameter rr(A, z) associated to an affine Lie 
algebra and a triple (Ti, T) is elliptic only when T is an automorphism; for 
general triples, it is partially elliptic and partially trigonometric (for instance, it 
is purely trigonometric when T is nilpotent). This shows that the monodromy 
of these KZB equations should be defined only for complete triples, and hence 
the existence of the dual equations should be expected only for them. 

Remark 3. The above theorems are also valid for the specialized quantum 
group U q (o), which is obtained from the formal quantum group when we take 
h G C* \ {iM} to be a complex number. In that case, it is more convenient to 
consider the twist J7t(A) as an endomorphism of the functor 

F : Rep{U q (g)) x Rep(U q ( B )) -> Vec 

which assigns to any two finite-dimensional £/ g (jj)-modules V and W the vector 
space V ®W. Here Rep(U q (g)) is the category of finite-dimensional U q (g)- 
modules and Vec is th e category of finite-dimensional C-vector spaces. For 
instance, equation (|l.5| ) means that for every three representations U, V, W and 
vectors u € U, v 6 V and w £ W with respective weights X u ,^v and X w we 
have 

l 7 T (A) 12 ^(A) l 7^ 2 (A + ^X w )(u ®v®w) = Jt' 23 {X)Jt 3 {X ~ \x u ){u ®v®w). 
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3 The twisted Macdonald-Ruijsenaars equations 



The proof of Theorem |2.1| is an extension of the proof of Theorem 1.1 of 



[EV2 to the case of an arbitrary generalized Belavin-Drinfeld triple. From now 
on we fix such a triple (r 1; r 2 , T). We first note that the notion of radial part 
generalizes straightforwardly to the twisted setting : 

Proposition 3.1. Let V be a finite- dimensional U q (g) -module. For any X € 
U q (g) there exists a unique difference operator (with respect to the variable 
X) acting on formal power series in V 1 ® q 2 ( x ^)c[[q^ 2l - X ' ai \ . . . , ,q~ 2 ^ X ' ar ^]], 
A G [* such that we have 

Tr ]Mft (^,Xq 2X B) = V T x Tr ]M ^l,q 2X B). 

The operator T> x is called the twisted radial part of X. 

For any finite-dimensional L/ g (g)-module W set 

C w = TV(1 ® nw){K 21 ll(l ® q 2p )). 

It is well-known (see @, @) that the map W — > Cw defines a homomorphism 
from the Grothendieck ring of the category of finite-dimensional C/ g (g)-modules 
to the center of U q (g). Set = T)J, . 

Proposition 3.2. We have 

1. M^rMy = MyMw for all V, W, 

2. M^ v (X,fx) = xw(q 2 ^ +p) )^ v (X,fi) where X w{x) = E„dim W[v]x v is 
the character ofW. 



Proof. See [EK , [EV2] 



Let us now proceed to explicitly compute the operator J\A 



W- 

Let V be a finite-dimensional C/ g (g)-module. Introduce the following func- 
tion with values in V <S> V* ® U q (g), with components labeled as 1, *1 and 2 
respectively : 

Z v (X^l) =Tr lM ^n 20 B q 2X ). 

Lemma 3.1. We have 

Z v (X,^)=J^ 2 (X)^ v (X + ^ 2 \^. (3.1) 

Proof. First we note that, by pulling the R-matrix around the trace and using 
the intertwining property together with the fact that B^IZ = B-{R. we obtain 



Z v (X,fx) = TZ^qf^Mj^iB-'n^Boq^) 
= TZ 2 \ 2X B^(T riM ^,TZ 2 "B Q q 2X )) 
= n 21 q 2X B^Z v {X^) 
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On the other hand, using the defining equation for J7t(A), the relation B 2 1 Jt(X) = 
B\Jr(X) and the [-invariance of ^^(A, fi) we have 

=^ 2 (A)^\S^(A + ^( 2 ) )M ) 

^ 2 (A)^(A+^( 2 ), M ) 

The lemma now follows from the fact both sides of ( |3.1[ ) satisfy the relation 
Y = 1l 21 ql x B^Y and are of the form Y = <? z *y(A + p,< 2 ),^) + l.o.t, where 
l.o.t stands for terms of strictly positive degree in component 2. ■ 

Consider the following function with values in V ® V* <£> U q (o) ® £7g(fl) (with 
components labeled as 1, *1, 2 and 3 respectively) : 

Lemma 3.2. We have 

X v (X,fx) =J*> 12 {\)J?{\- l -h^)* T v (\+ l -(h^ -hWlriJ^iX)- 1 (3.2) 

Proof. Moving 7Z 03 around the trace, using the quantum Yang-Baxter equation 
for 1Z and the B-invariance property of 1Z again, we get 

= K 13 K 23 Tr l Mpt 1Z 20 (TZ^r'q^B^TZ 23 )- 1 

= ^13^23 g 2A T ; |Mf($ ^20 9 2A ( ^03 r l Bo)(7 - 2 A ( ^ 2 3 r l 

= ^ 13 ^ 23 #i? 3 (Tr| Mti (<i>^ 20 (Zo 2A So(^ 3 )- 1 )) g 3- 2A (7e 23 )- 1 
= 7e 13 ^ 23 <7 2A i?3 (X v ( A, M )) q 3 - 2A (TZ 23 ) - 1 . 

On the other hand, using the modified ABRR equation ( |l.4| ) we have 
7W 3 g 2A B 3 (^ 12 (A))^ 2 (A - \h^ T v {\ + \{h^ - h (3)) )Ai ) x 

xB^ixy^in 23 )- 1 

= A 1 (^ 13 #i?3(J-| 1 (A)))^ 2 (A - ^ 3 >)*£(A + \{h^ - h^),n) x 
= ^{jFW&tiftjFil - 5^)^(A + ^ 2 > - M 3) ), M) x 

= JPix - \h^(X + \{h^ - h^)^) q - 2 \-^j 32 {xy 

= J^ 2 JP{X - \h^)%{X + \{hi 2 ) - h^))^)J 32 {X)^ 
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Now set X(X) = (J^,' 12 y 1 X v (X)J^ 2 (X). By the above and by Lemma JO 



both X(X) and Zy(X — \h^) satisfy the equation 

and are both of the form Y = J^(\ - \h^)^{X + \{h^ - h^)) + l.o.t 
Hence X(\) = Zy{\ — hh^) and the lemma is proved. I 

Corollary 3.1. We have 



Now let W be any finite-dimensional L r q (0)-module. By Corollary 3.1, we get 
A^*£(A,m) = Tr\M^Cwq 2 X Bo) 

= Tr |w Tr |Mfi (m 23 (ft 20 'Sa^ 03 )- 1 ^)^'^) 
= T 1W {m 2 3(5 3 Tr |Mti (^ (7e 03 )- 1 $^ 2 ^ )) (Z2 2 ''} 

= Tr lw { ^[d^HXia ® (Z- 2A 4 2) (A)^(A + \h^)] x 

x^(A + / l W)(4(A)^5(S( c ;))5(B( Cfc ))g^) w } 

(3.3) 

where m : t/ g (fl) ® U q (o) — ► Z7 q (g) is the multiplication map, Jt{X) = J2i c « ® 
rfi(A), ^(A) = E<cJ ®^-(A) and where we used Swccdlcr's notation for co- 
products : A(x) = j^x^ (gix^ 2 '. 

Let us set K = J2i ^ <8) ft" 1 = £\ a< <8> &<. 
Lemma 3.3. We ftai/e 

£4(A)g 2A S(B(cJ)) - g c <P(A)5( U )g 2A (3.4) 
j 

where u = S(bi)a,i is the Drinfeld element and P{X) = d'j(X)S~ 1 (c'j). 

Proof. This is obtained by applying 77121 (5(8)1) to the relation {BiJriX)) -1 Qi 2X = 
q~ n 'qi 2X Jr 1 {X)Ti 21 1 which itself follows from ( O ) and the f?-invariance of 

MX). ■ 



Substituting <^§ in (gj) yields 

Mlr*l{\,p) = di}\x) Ct TY m „ ] {q c <P(X)q 2X S-\B(c k ))q- 2X d {2) (X) x 



xdi(X+^)S(u)q 2 >>}^(X + v). 



(3.5) 
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Lemma 3.4. We have 

= E(«;) (1) 4 1) Wf S!i+18Ci {5- 1 (c t )s- I (6;)(«;) (2 »4 2) (A)} 2 (3,6) 

jk 

Proof. From the modified ABRR relation we get 

q 2 1 X B 1 (J T (X))q^ x = (7e 21 )- 1 J T (A)g°'. 
Applying 1 ® A yields 

qj X Bi (Jt' 23 (A) )gr 2A = (T^T^t 23 (A)« , 
which can be written as 

k 

= ® ® ^) (2) ) x ( Cfc ® 4 X) (A) ® 



Equation (3.6) is now obtained by applying m\3(S 1 ® 1 ® 1). 



We introduce the following notation. For any linear operator 77(A) S 
End (Vi ® • • • ® Vjv) we set 

fT(A + ^ w )(vi (g> • • • <g> wat) = £i? w (A + f)(«i <8> • • • <g> v N ) 

1/ 

where fl^A) : V\ ® ■ ■ ■ ® V l ® ■ ■ ■ ® V N -> V x ® • • • ® V l [v\ ® ■ ■ ■ ® V N is the block 
of H(X) with image Vi[v] in the z-th component. In other words, we replace 
by the weight in the z-th component after the action of H . 

Lemma 3.5. The following identities hold : 

i) EM^^^W^ =E^k®nb k , 

it) K 23 J^ 23 (X) = J^ 32 (X)K 23 1 

iii) ES(d)d^(X) ® df \X) = S(Q T )(X - \h^) x J^ x {X + 



Proof. Equalities i) and iii) are proved in the same fashion as in [EV2|. Equality 
ii) follows from the relation 7£A = A. op n. ■ 

Corollary 3.2. We have 

^\x)®<f x S-\B(c k )) q - 2X dfHx) 

= q - n '-^ c 'u^s(Q T )2(x - \h^){j 21 r\x + l -h^)n. 



Proof. Use i),ii) and iii) successively, as in EV2|, (2.32) 
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By Corollary 3.2 and using the relation B\Jt{X) — B 2 1 Jr(X), we can rewrite 
as follows : 

= E t ^m{ p 2(a)^- 1 ^ 2 - 1 ^ 

x (c 4 )id,(A + ^) 2 S( M ) 292 2 % mi2ni |^ (A + v, /i) 

(3.7) 

where G(A) = 9 " 2 ''P(A)S'(Qt)(A). We now proceed to compute G(A). 
Proposition 3.3. We have (5(A) = ^ffi ■ 



Proof. The following lemma is proved as in |EV2| 



Lemma 3.6. We have P{X) = Q^(X + h), i.e G(A) = G(X + h) where G(A) = 
q- 2p Q T 1 (X)S(Q T )(X^h). 

A direct (though lengthy) computation shows that 

A(G(A)) = J T (A)(G(A + h {2) ) ® G(A))J T 1 (A) (3.8) 

(see |m|] for a detailed proof of this in the nondynamical case; the dynamical 
case is analogous). In particular, replacing A by 4, we have 



^A w „, A + ft/i (2) , ^,A.._ -..A. 

:^)(G( — - — ) ® g(-))j t x (-) 



^(^)(G(^G(^±|^))(#)-(^ 



which can be rewritten as 

R*(*)(G(^±^) G(~)) = (G(£) G(^±|^))K^) (3.9) 

Let us now expand Kt(^) and G(^) around h = : 

Mt(-t) = 1 + fo{X) + C(ft 2 ), G(~) = 1 + % X (A) + 0(ft 2 ) 
ft n, 



where g x {X) = (G(A/fi) - l)/ft € U q (g)/hU q (g) ~ [/(fl). Note that by (^8|) we 
have Ao(gi(A)) = gi(A) <g> 1 + 1 <8> ffi(A) (where Ao is the usual coproduct on 
Ug), which implies that 51(A) <E g. But since G(A) is of [-weight zero, gi(X) G f). 



Now, by ( p.9[) , we have 



A = WA),3i(A) ® 1 + 1 ® ffi(A)], 
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where (xi) is a basis of I. In particular, [r(X),gi(X) ® 1 + 1 ® <7i(A)] 6 A 2 (). 
But this implies that [r(A),.gi(A) (8 1 + 1® 51(A)] = 0. Thus 51 : I* -> [ is a 
closed 1-form on [* and there exists functions /i(A) and 52(A) = w(G(t) — 

f ( — 1 

; , x-nh ; ) e U q (Q)/hU q (Q) ~ [/(g). By the same argument, g 2 (A) is a closed 

/IV h > 

1-form. Continuing in this process, we finally obtain a function / defined on 
[* such that G(A) = j^TTy- It remains to determine /(A) explicitly. For this, 



apply (3.7) and Proposition 3.2 2. to the case of the trivial representation 
V = C. Then *£(A,/i) = and = 1. We get 



,/(A 



(^^) |WM dim W[y f 5T{x + v) = xw{f +p) ) 



2(>+p,A) 



As in pV2| , Corollary 2.16 we conclude that one can take /(A) = <5j(A). 



Theorem 2T now follows from (3/7), Proposition |3.2| ii), Proposition 3^3 and 
from the following easily checked fusion identity : 



^•• w (A)- 1 (R^ 1 - Ar )j^' JV (A + M°)) = 



E^(A + ft, (2 " ,JV) )) • 



(1 



^(A)). (3.10) 



4 The twisted qKZB equations 

We will first prove that the twisted qKZB equations hold for two finite- 
dimensional J7 g (g)-modules V and W. As in the preceding section, we start 
with several preliminary lemmas. 

Consider the following function with values in W V (g> V* W* <8> C/ ? (fl), 
with components labeled as 1, 2, *2, *1 and 3 respectively : 

Z WV (X,») = Tr\ M ^ +hl . a) K m $v,<$ x B ). 

Lemma 4.1. We have 

Z w (A,/i) = (^ 32 )- 1 ^ 2 ' 3 (A)^ y (A+i/ l ( 3 ), M ). (4.1) 

Proof. Moving the R-matrix around the trace and using the cyclicity property, 
we get 

Z wv (X,n) = n 31 TT lM ^ +h ^, q 2 x B TZ 30 ) 

= 7e 31 ^S 3 - 1 Tr |MM (<f>^ ( , 2) 7e 30 <I>^„ 2A So) 
= n^ql^B^n^B^ZwviX^). 

On the other hand, 
K^al^B-V)B^[{K^ 

= K 3 hl X 2 B 12 J^\X)^ wv {X + \h^^). 
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From the modified ABRR equation it follows that 

Using the coproduct formula 1Z 312 = 1Z 32 1Z 31 and the [-invariance of Zvw(\ M); 
we see that 

^ 1 ^(5 3 -^ 32 )S 3 - 1 [(^ 32 )- 1 ^ 2 ' 3 (A)^ y (A+i/ l ( 3 ),M)] 

= (7e 32 )- 1 J^ 3 (A)^(A+i^,/,). 



Thus both sides of (|4.l|) satisfy the equation X = lZ 31 q 2X B 3 1 X and are of the 

form X = q 3 2 Q12 3^vw(^ + \^ j A*) + J-o.t. But it is easy to see that such an 
X is unique and the lemma follows. I 

Now set 

Z wv (\n) = m 32 S 3 (Z wv (X, f i)) = ^ M ^y i+h ,.{K™)- l $lql x B ). 
Lemma 4.2. We have 
Z wv (\,n) = Siu^QriX- -h^hJ^iX- \h {2) )^wv^~ ^ (2 \m)- (4-2) 



Proof. From (4.1) it follows that 



To conclude the proof of the lemma we use the following relations : J2i ^( a 'iWi 
Siu- 1 ), Siu-^x = S 2 (x)S(u- 1 ) for all x 6 U q (g) and 



£ 8) 5- 1 (rf,(A))cf = Qt(A - i/ l «) 2 ^ 1 (A - ^ 2 > 



This last equation is obtained by applying 77132(1 <8> 1 ® S 1 ) to the cocycle 
identity O). ■ 



Consider the following function with values in V <8> U* (g> E/ g (f|) : 
F F (A,/x) = TriM^^CK 02 )- 1 ^). 

Lemma 4.3. We have 

MA, AO = qr 2 V| 1 (A)^(A - ^ 2 \/x). (4-3) 



Proof. A computation similar to the one in Lemma 4.1 shows that both Yy(X, fi) 
and q^ 2X J^ 1 (X)^y(X - i/i (2) ,/i) satisfy the equation 

X = (lZ 12 )~ 1 qf x P>2 1 X 

and are of the form X — 9 1 ^ 2A <zf 2 ^'y (A — \h^ 2 \ /i) + l.o.t. It is easy to see that 
such an X is unique. ■ 
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We will also need the following two- representations analogue of Yv(X,/j.) : 

Lemma 4.4. We have 

1W(A,aO = (K^r'j^WVlviX-^hW^). (4.4) 



Proof. One checks that both sides of (4.4) are solutions of the equation 



of the form X = q£* <Sx&WV ( A ~ 1^ ) + Lo - L ■ 

Finally, we introduce a function : 
fw(A,M) = m 32 (ql P S 3 (Y wv (X,fj,))) = Tr lM ^ +hl , 2) m 32 (q 2 2 p ^,TZ 03 )q 2X B ). 

Lemma 4.5. We have 

Ywv(\,n) = ( g 2 " U - 1 5(Q T )(A - ^/i)) 2 (M 21 Jf 1 * ^ V )(X + l -U 2 \ M ). (4.5) 
Proof. By ( |4.4|) we have 

Y wv {\^) = (Y J {a l l ) [1] df\\)®S{c )S{b^ 

ij 

Now we use the following relations: q 2p x = S 2 (x)q 2p for any x £ U q (o), 

£>9 (1) ® S- 1 ^)^)^ = E a * ® ^"'(fti)"- 1 (4-6) 

i i 

and (1 (g) S)^- 1 = 1Z. We get 

W(A,M) - (q 2p u- 1 ) 2 (J2^df ) (X) ® 5( C ,)Mf(A))^ y (A + i# 2 >,/i). 

Using the identity ft 12 j|' 12 (A) = J^' 21 (A)7e 12 and 

]T S( Cl R (1) (A) ® df } (A) = S(Q T )(X h^j^ix - \h^) 

i 

which is obtained by applying m\ 2 (S ® 1 ® 1) to ( |l.5| ), we can further simplify 
Y wv (X,fx) : 

Y WV (X, fx) 

= (q 2p u-%S(Q T )(X \hV) 2 {J?)-\X + \h^)K^ T wv (X + \h^) 

= {q 2p u-%S{Q T ){X \hP)&%(\ + \h^)J T \X + \h^ T wv (X + \tt 2 \y). 

which proves the Lemma. I 
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We need one last technical result : 
Lemma 4.6. We have 

mntfStyK™) = q^'^-^Hn 10 )- 1 ^ (4-7) 
where {xi)i is an orthonormal basis of\). 

Proof. Let Z = u~ 1 q 2p . This is a ribbon element of U q (g) (see Jd|). Thus 

= A(Z)$^, = ll 21 K(Z (g> Z)<f>v,. 

But by (|4.6| ) we have 

On the other hand, it is easy to see that Z\ Mv — q( 2 P+"' v \ The Lemma now 
follows by a direct computation. ■ 



We are now in position to prove Theorem 2.2. From (4.7), we have 



Tr lM ^ +h , 2m32 ( q 2 2 ^,TZ 03 ) q ^Bo) 



In other words, 

( g - 2 ("'+")-Ei-?), 2 ^(A, /i ) = Y WV (X, fj,). 

Using (4.2), ( [4.5| ), the relation u5'(u _1 ) = q 4p , Proposition |3^ and the definition 
of <fiwvW we fi nau y obtain 

From this we derive the qKZB equation with N representations in the following 
way. We start with the easily checked fusion identities 

J| 3 (A)- 1 M^ 23 (A)J| 3 (A + = Ri?(A + /i (3) )R^ 3 (A), (4.9) 
J^ 2 (A + / l (3) )- 1 R^^ 3 (A)J^(A) = M| 3 (A)R 1 , 3 (A + h {2) ). (4.10) 

Now, from (fh|) with = V 1 ® ■ ■ ■ ® V,- and V = V,+i (g> • • • ® V N we get 

x^ 1 ,...v n (A-^+ 1 -^,m) 

, (A)J^(A + ftW +1 -"^)4 +1 "^(A)^ li „.^(A,/*)^ 



ji+l...JV,l... J( 



(4.11) 



18 



By (|4.9|) this implies that 



(? -2(m+p)+E ^),. +1 ... tJV ( g 2E _ ^ .4--i-i(A + ftW))jJ+i-»w (A _ h U+i... 

x^ 1) ...,w(A-^ +1 - JV ),M) 

= '•- v ' 1 - i '(A + /.^))M^ 1 - JVj (A)4- J - 1 (A + ^"■■ Ar ))J^- N (A)^ 1 y N (A, fi). 

(4.12) 

• ■ <8 K'-i and V = K- ® • • • ® Viv 



On the other hand, by ((4J) with W = Vi ® ■ 
and using (4.10) we also have 

{q -2(, +p)+ E ^ Mq 2T. „ 4 »«, % . ^ u ^._ iJ l... J '-l (A)J i+l...iV (A + ^(1...,-!)) 

= M J T +1 -^ 1 - J - 1 (A)R 3 7 ; 1 -^ 1 (A + / l ^'+ 1 - Ar ))^- J - 1 (A + / l ('- A '))4 ,1 -' v (A) 



x ^V!,...,Vi,(A,M)- 



(4.13) 



Applying the operator Tj to both sides of ( 4.13 ) we get 

= w r l - x ' l - j '(a + ftW)r i :4'--' '(A + fc(iH--v) ): .;:-i > (A + ^•■■ w ))F t + 1 - jv (a) 

x p£i w( A >M)- 

(4.14) 

Comparing (4.12) with ( 1.14| ) and using the [-invariance of R we obtain 
x Vv u ...,v N {\v) 

= ^ T +1 - N (X + h^)TjR^- j -\X + ?i (i->-A')):'r-i ] (A + /( ( - 7 '- A) )^ li ... , Vjv (A, /x), 

(4.15) 

which can be rewritten as 

(g -2(^ + p )+S ^.( g 2£ ^ )jy>1 J -_ 1 4+ 1 - JV (A + l 4:'---' v ' i (A)4.- , -- v (A) 
x ^v 1 ,...,v JV ( A ^) 



X ^.....VatCA.^)- 



(4.16) 



Finally, taking into account identities ( |4.9| ) and ( 4.1C ), we obtain 



= I-R^ 1 (A + ftP-i- 1 ) + ftCi+i-*0) • • • R^T 1 (A + fctf+i-*))^ Vn (A, jtx). 

(4.17) 



The proof of Theorem 2.2 is now obtained by replacing /i by —fi — p and by 
rewriting (4.17) in terms of Fy t Vn (X,h). 
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5 The twisted dual Macdonald-Ruijsenaars equa- 
tion 



In this section we let (ri,r2,T) be a complete generalized Belavin-Drinfeld 
triple. Let W be a finite-dimensional [/ 9 (g) -module such that W ~ W B and let 
us consider W as a (B) x J7 9 (g)-module as in Section 2. 

For generic values of /j,, the tensor product ® decomposes as a direct 
sum of Verma modules, and 

r/ u : W[v]® M M+ „ Af M ® W 

is an isomorphism onto the isotypic component corresponding to M Al+1/ . The 
following lemma is straightforward : 

Lemma 5.1. We have (B ® B) o r\ u — r\B( v ) (B ® B). 

Now let V be any finite-dimensional C/ ? (0)-module and consider the compo- 
sition 

Pv®v*,wK vw $l (M) {B ® B)t} v ■ W[v] ® M„ +v -> M BW+hlv) ®W®V®V*. 
By [EV5], Proposition 3.1, we have 

Pv®v*,wn vw <£ v B{ ^ = R WV {B^ + ^f^l^y 



It follows from Lemma 5J that 

Pv®v*,wK vw <S>l M (B ® S)^ = Vh(W) R wv (B(n + ^)) t2 ^ (p+lj) (B ® B) 

(5.1) 

where i?(A) = Rid(X) is the quantum dynamical R-matrix corresponding to the 
trivial triple (T, T, Id) and where t% means transposition in the second compo- 
nent (so that R wv (B(ll + v)) t2 acts onW®V*). Now let us multiply both 
sides of ( |5.l[ ) by q 2 M^ w and sum over all values of v. This yields 

P vm ,,wTl vw S> v B(M) {B ® B)q 2 ^ w = V R w ® v (B(n + h^))(B ® B)q 2X i]~ 1 

(5.2) 

where i] — 0^ -q u : y W[v] ® M^ +v —> ® W. Let us take the trace in the 
Verma modules and in W. Using the fact that 1Z € q n> > U q {n + ) ® U q (r\-) and 
that v — B(v) is never a linear combination of negative roots, we obtain 

Tr lw (q 2X+h(V) B)^(X, M ) = £ TV H (i* w 0B(/i + ^B)^(X, fi + v). 
It is clear that 

Tr lw (q 2X + h<V) B) = ]T Tr mv] ( q ^+ hm B)=Tr lw , ( q ^B). 

v,B{y)=v 
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Hence from ( p.2| ) we get 

Tr |(VK , )()0 (q- 2X B*)^(X, im) = Y, ^\w*[-„] (B* w ,R wv (B(p+^)Y^)^(X, p+u), 

which can be rewritten in terms of Fy(X 1 fi) as 
Ti l{w , } , (q- 2X B)F^(X,fi) 

= E Tr |w« M (V* {B(p)W w M wv (B{n + v))^Q ]v .(B{pi + v)))Fy(\, (j, + v). 

(5.3) 

Finally, using the formula 

Rw(A)* 1 * 2 = (Q(A) ® Q(A - h^))R w * v ,(X - h {l) - h (2y )(Q- 1 (\ - h {2) ) ® Q _1 (A)) 

(5.4) 



(see EV2| , (3.12)) and using the fact that Q is of weight zero, we simplify (|5.3|) 
to 

Tr |(w , )6o (g- 2A )^(A,^ 

= ^ TV* H (Sff. Qw* (S(/i + v))R w . v . (B{fi + h^) x 

x Q^.(B(^ + v) - hWj)F$(\,n + v) 
= TV«M (Qw (-BOi + MB^.Q^ 1 . (5(,i + i/)))*£(A, + i/) 

1/ 

= E Tr l w *M ip)Bw*)Fv(\n + v). 

(5.5) 

The twisted dual Macdonald-Ruijsenaars equations for an arbitrary number of 
modules V\ , . . . Vn can now be deduced from ( |5.5| ) and from the fusion identity 
( ft.lO| ). Theorem [D is proved. 



Proof of Proposition 2. 1 . Let W and W be the Weyl groups of T and V 
respectively. By the Bernstein-Gelfand-Gelfand resolution, we have 

Tr| K (<Z 2A B)= Y, (- l ) l(W) ^\M^ +p) _ p {q 2X B). 

Denote by s a the simple reflection corresponding to the simple root a £ T. The 
group generated by B acts on W by B(s a ) = stu- It follows from the facts that 
W acts simply transitively on the sets of simple roots and that v is dominant 
that B(w(v + p) — p) — w(v + p) — p if and only if B(w) — w. Moreover, W B 
is naturally isomorphic to W. Hence, 

£ (-l) 1W Tr|M M( , +p) _ p (g 2A B) = £ (-lf^Tr^^^B) 
w£W wew B 

2{\W(»+P)-P) ( 5 ' 6 ) 

= V r-iVM - 
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Let uj a be the fundamental weight corresponding to a 6 T. It is easy to check 
that {uj-a = Eas Wa ' S 6 ^} ^ s * ne set °f fundamental weights of T. Thus 
(2A, w;(z/ + p) — p) = (2A, w{v + p) — p) where p — J2a^a- Hence, by the Weyl 
character formula for g we have 

2A m _ „ / 2A\ ^q(^) 



where _ _ 

aGA + 

is the (usual) Weyl denominator for T. Setting v = we see that in fact 
Sq(X) = Sj(X) . The Proposition follows. ■ 

6 The twisted dual qKZB equations 

In this section we prove Theorem ^|. As in the preceding section, let T be 
an automorphism of T and let Vi, . . . Vat be finite-dimensional L f (g)-modules. 



We will extensively use the following two identities which are proved in [ EV3 : 
*£U<v>*p = K-^M^h^K = n 21 R*{p)-^l +hiw ^ (6.1) 
for any two modules V, W. 

Consider 

^ 1> ...^(A,M)=Tr| MM (^ )+M , 2 ...^ r --^ ) g 2A J B) 
and move the jih intertwiner to the right using ( |6.l[ ). We get 

= K 3+1 . 3 ■ ■ ■ n N , jq ?Rl j+1 {B{n) + h (*j+*-*N) r i . . . r* n{B (p))-' x 



Now, we have 

- v' 



(6.2) 



= r :, Tr M, r i ^ . fcM • • • $^)9 2A S) 

(6.3) 
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where we note V' = V B for simplicity. Finally, we move ^> v i to the right back 



to its original position, thereby completing a cycle. By (pjj) we obtain 



N N 
i=2,i/j i=j + l 



X * 



Vi,...V 4 ',...Vjv 



(A,/.). 



(6.4) 

Combining (|6.2|), ( |6.3| ) and Q6.4| ) yields the following relation 
*y 1 ,...,y JV (A,^) 

= [^ +lj • • • TZ^qfiB^) ■ ■ ■ (BjKj^)] x 

iV 

N N 

)<%(%]+ E E x 

(A,/i). 

J 3 J 

Let us replace /i by — /i — p and let us rewrite this equation in terms of F T (X, /i). 
We get 



(6.5) 



F 



Vi,...,V N 



(A,/i) 



= [^- JV (A)- 1 ^- +1 , j • • • Ry^Ui/Rj: ■ ■ ■ (B j Kj2_ 1 )(B j $"> f (\))] x 

AT , AT 

^(B^))^...^Q- 1 1 (B(^-J2h { * i) )W*, j+1 (B(fj,)- E ^ ( 



'=;+2 



JV 



N 



i=i+l 



x B v- B v*' F Vu...y'...,v N 

(A,/i). 



(6.6) 
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Inverting, we obtain 

B V'By*,Fy iy y, y (A, (J,) 

= [(S J J^- w (A))-H^^i...,-i)^ 2A ^7 + 1 1 ... Arj J^- Ar (A)] x 

r N 

JV JV 

x B'K*!^ - £ • • • x BpL\j\B^) £ fc<*>) x 

1=7+1 i=2,i=jtj 
N 

x ri_ iy) KJ |Ar (B0*)) • ■ •E* i+1 (B(/i) - £ ft<*>) x 

x |q,jv(S(m)) ® • • • ® G.i (B(m) - E } x y N i\ M)- 

^ i=2 ' 

(6.7) 

Using (^J) and using the fact that /i — B{p) — ^2 it is easy to check that 



K y,T 



( N 

Bj< Q~x(B(p)) &>•••<& Q~i(B(fj.) — £ &<**>- -B- 1 ^)) 

iV AT 

x BJR^flM - ^ ft<*«>) x ••• x B*Rl^(B(v) - J2 hi * l) ) x 

i=i+l i=2,i=jtj 
N 

i=j+2 



Finally, we have 



(6.8) 



when applied to (Vi £5 • • • ® Vjv) 1 . The proof of this last equality is similar to 
the proof of ]EV2( | (4.10): it is enough to check (^) for TV = 3, for which it 
follows from the modified ABRR equation (|0|). This concludes the proof of 



Theorem 2.4 



7 The classical limits 

Let us now examine the classical limits of Theorems 2.1-4, that is, the behavior 
of (a suitable renormalization of) the functions Fy l VN (X,fj.) when h — > 0. 
In that limit, the quantum group U q (g) becomes the usual enveloping algebra 
U(g). We will denote by <I>, Qy, R^, Jy., . . . the classical limits of the operators 
constructed in Section 2.1, obtained when we replace U q (o) by U(g). 
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Let Vi, ■ ■ ■ Vjv be finite-dimensional J7 g (g)-modules and let Vf, . . . Vfc be the 
corresponding U(g) modules. Let us fix a generalized Belavin-Drinfeld triple 
(ri,r 2 ,T) and set 



Also set <5 T (A) = (Trijyc (Be A )) 1 . We define the classical limit of the function 



,v>,(*> A 1 ) a s 



F vf,...,V N i X ^) '■= ^1 F V u ...,V n (t^)- 



h"0 "i.-.VAfVft 

The following result is clear from the definitions. 
Lemma 7.1. We have 

F Vu...,V N ( X ^) 



The classical analogue of Proposition 3.1 is as follows. 
Proposition 7.1. Lei V be any finite- dimensional U(o)-module and let X G 

ij There exists a unique differential operator d^ acting on functions [* — > V' 



such that 

Tr lM J^XBe- x ) = d^u^Be^) 



ii) If X,Y belong to the center ofU(o) then d^d Y — dyd^. 

Unfortunately, there is no convenient classical analogue of the Drinfeld- 
Reshetikhin construction of central elements in C/ g (g), and therefore no con- 
venient explicit computation of the operator d^ in general. However, this can 
be done when X = mi2(f2) is the quadratic Casimir, which yields the following 
classical analogue of Theorem 2.1 (which is proved directly in [ESI], Theorem 
3.2). 

Theorem 7.1 ([ ESlj ]). The function Fy^ Vn (\, n) satisfies the following sec- 
ond order differential equation : 

d 2 r \ 
J2 7^2 - J2 S T( x )\Vi®v n ) F vit..v N ( x ^) = (^v) F vC..,v N ( x ^) i 7 - 1 ) 
ie/i * i,n=i 1 

where (xi)i^i 1 (resp. (xi)i<=i 2 ) is an orthonormal basis of I (resp. of i)o) and 
where 

oo oo 

S ^) = EEE e( s+v ^(B s f a ® B- V e a + B^e a ® B s f a ) 



El — Ct 1 — Ct 

- Xi ® - Xi 



Theorem 7.1 can also be deduced from Theorem G.ll by expanding powers of H. 
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The classical limit of Theorem 2.2 are the twisted (trigonometric) KZB equa- 
tions. 



Theorem 7.2 ([ESI]). The function F v ' c v (A, fx) satisfies the following sys- 
tem of differential equations, for j — 1, . . .N: 

d \ 



ieii 



l>j 



(7.2) 



This theorem is proved in [ESI] but can also be deduced from Theorem 2.2 
by expanding in powers of h. 



Finally, when T is an automorphism of the Dynkin diagram T we consider 
classical limits of the dual Macdonald-Ruijsenaars and dual qKZB equations. 



Let W be a B-invariant finite-dimensional g-module and let T>^ T ' C denote the 



difference operator given by formula (2.7) when U q (g) is replaced by U(g). 
Theorem 7.3. We have 



T)V,T,c p T,c 



Tr 



W*>o < 



T,c 



,Vn- 



Similarly, let K^' T ' C be the classical limit of K^' T , i.e the difference operator 



given by formula (2.9) when q = 1 (and hence is just the classical exchange 
matrix evaluated at —fj, — p, sec [EV3]). 



Theorem 7.4. For j = 1, 



N we have 
(e-*) 



y K j 'Y. V 



,v N - 



8 Extension to Kac-Moody algebras 

In this section we briefly explain how to adapt the construction of ESSj to 
Kac-Moody algebras and how to generalize Theorems 2.1-2.4 to this setting. 



Let A = (ciij) be a symmetrizable generalized Cartan matrix of size n and 
rank I. Let (f),r,f) be a realization of A, i.e t) is a complex vector space of 
dimension 2n — I, T = {a±, . . . a n } C f)* and T = {hi, . . . h n } C f) are linearly 
independent sets and (ctj,hi) — a.- L j. Let g — n_ ® f) ® n + be the Kac-Moody 
algebra associated to A, i.e g is generated by elements e,, £ = 1, .. . n and f) 
with relations 

[ei, fj] = Sijhi, [t),t)]=0, [/i,ei] = (ai,h)ei, [h, fo] = -(a>i,h)fi, 

together with the Serre relations (see |k|). Let ( , ) be a nondegenerate invariant 
bilinear form on g. Let Of, be the inverse element to the restriction ( , ) to t). 
For every root a 6 f)* we set a v = (1 ® a)fi(j. 
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Let U q (o) be the quantum Kac-Moody algebra. It is defined by the same 
relations as in Section 1, where now (a y -) is the generalized Cartan matrix A. 



Construction of the twist. Let (ri, L 2 , T) be a generalized Belavin-Drinfeld 

triple. As before we set [ = (Saeri - ^ a )) and fjo = [ x C f). We will 
say that (ri,r 2 ,T) is nondegenerate if the restriction of ( , ) to [ is, and we 
make this assumption from now on. Let f)i C f) (resp. f) 2 C h) be the subspace 
spanned by simple roots aefi (resp. a £ r 2 ). 



In | ESS] we obtained an explicit construction of a twist J7t(A) for simple 
complex Lie algebras. An important observation there was that \) = E)i + I, 
which makes it is possible to extend B to an orthogonal automorphism of f), 
and to define maps B ±x : U q (b T ) — > U q (b T ). However, in general we only have 
\)i + I C f) but f)i + I ^ f), and thus it is necessary to modify the construction in 



[ESS], which is done below. 



The following lemma is obvious. 

Lemma 8.1. There exist unique algebra morphism B : U q (x\- © f)i) — > U q {xi- © 
f) 2 ) and B : U q (n+ © f) 2 ) -> t/g(n_ © f)i) smc/i tfiai 5(F Q ) = F Ta) S(/i a ) = /i Ta 
i/a G r x , B(F a ) = 0i/ae r\r x , andB- 1 {E a ) = E T -i a , B- l {h a ) = h T -i a 
if a £ T 2> B- x {E a ) = if a e T\T 2 . 



Let a,/3 € L. Write a -> (3 if there exists Z > such that T ; (a) = (3. We 
extend this relation to Z + L by setting a — > /3 if there exists ai, . . . a r , ft, . . . f3 r £ 
L such that on — ► ft for i = 1, . . . r and a = ^ a*, /3 = ^ ft. It is easy to see 
that this relation is transitive, i.e if a — > /3 and /3 — > 7 then a — > 7. Set 

Z+r^ Q = {a G Z+r, cr -> a}, Z+L Q ^ = {cr e Z+L, a -»■ a}. 

Now let us consider the space 

J r = (t/,(n-)[-a]? (z+r -° ,V © t/ g (n + )[ft g (- z+r ^' v ) C I7„(b_) © [/,((.+). 



Lemma 8.2. TTie space It is stable under the actions of B © 1, 1 © i? 1 and 
Ad(g n "). 

Proof. Note that the actions of (B © 1) and (1 © are well-defined on It 

as B(l7 9 (n_)[-a]) = if a £ Z+T 1 and B' 1 (U g (n + )\fi]) = if /3 & Z+L 2 . It is 
clear that (B © 1)1^ C It and (1 © B' 1 )^ C It- The last claim in the Lemma 
follows easily from the formula 

Ad(q n «)(u a ®vp) = u a q^ ®q~ a " 

if u a G L/g(n_)[— a] and vp 6 E7,(n+)[/9]. ■ 



Note that the Cayley transform Ct : f(o — ^ f)o is still well-defined in the Kac- 
Moody setting. Set Z = — Ct) © l)^(j - Let Jt be the completion of It 
with respect to the principal gradings in U q (b±) and let I T be the subspace 
consisting of elements of strictly negative degree in the first component and 
strictly positive degree in the second component. 
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Theorem 8.1. There exists a unique element J7^(A) : I* — » (1 + I T ) [ such that 
Tl 21 q 2 1 X B 1 J^(\) = J$(\)q 2X q n » . (8.1) 
Moreover Jr(A) '■= JtWi 2 satisfies the 2-cocycle relation 

J^\\)JP{\ + \h^) = ^< 23 (A)j| 3 (A - \h^). 



Proof. The first statement is proved exactly as in ESS]. We write J^(X) = 



1 + Ej>i Jt\ X ) where ^''W has de gree i in the first component. Then ( |8.l| ) 
is equivalent to a system of equations labelled by j > 1 

Ad(g n "g? A )Bi J"° J (A) = J^'(A) + . . . 

where ... stands for terms involving JZ^'^A) with i < j. But the operator 
Ad(q n * q 2X )B\ — 1 is invertible on for generic A and J^{\) can be computed 
recursively. 



ponents versions of (B.l) 



The second claim is proved as [ ESS | , Section 4. We consider the three com- 



-R? 1 Tl^ q l x B 1 X T {\) = X° T {\)q^q^ , (8.2) 

-R? 2 1l 21 qf x B^X Q T {\) = X°(\)q^q% , (8.3) 
acting on (a suitable completion of) the space 

(f/,(n_)[-a]^) V ®[/,( B )[/J]®[/,(n + )[ 7 ] ? (- z+r -) V ) 

a,/3,7 

where the sum runs over all triples (a, /?, 7) such that /3 can be written as 
(3 = f3 + — (3~ where [3 + + 7 — > + a. It is not difficult to show that 
(J°(A))^ 23 Ad qt 23 (j£i\+ ±/>«)) 23 and ( J,°(A)) 12 > 3 Ad q? 2>3 (J°(\ + \h^)f 2 



are two solutions of (S.2) and ( p.3| ) with the same degree zero terms (in compo- 
nent 1 or in component 3). This implies that they are equal (see [ ESSj , Lemma 
4.3). ■ 

Now let Vi, . . . , Vm be t/ g (g)-modules from the category O. Define the renor- 
malized twisted traces functions Vn (A, /i) in the same way as in Section 

2. Note that all the operators Jr(A), Kt(A), Qt(A),... are well-defined on 
any module from the category O when considered as formal powers series in 
q 2 ( x ^)C[[ q ~( x > a *) , ai G T. Operators V w for affine algebras g are 

defined in some particular situation in [jEq] . 

Theorem 8.2. The function Fy x vv(^'A*) satisfies the following difference 
equation for all j = 1, . . . , N : 

Fv u ...yJ x >v) = ( D J® K J) F v u ...,v N ( x >ri ( 8 - 4 ) 



where Dj and Kj are defined by kL\) and (2.5). 
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Theorem 8.3. Let T be an automorphism ofT. The functions Fy y w (A, /i) 
satisfy the following difference equation for each j — 1 . . . ,N : 



"vjiy; l y r rjA.,/; = (£>J' T ® K]' 1 . p (A, M ), (8.5) 



where D^' T and K^' T are defined by (2.9) 



The above two theorems are proved in the same way as Theorems 2.2 and 
2.4 respectively. 



Similarly, let W be an integrable highest weight J7 g (g)-module (resp. a B- 
invariant integrable highest weight t/ g (g)-module) and let V\, . . . ,Vn be U q (g)- 
modules from the category O. 



Theorem 8.4. 



VlrF v : u ... iVN {\,li)=Xw{q- 2 »)F$ ll ...,v N {\li), 



where T)^ is defined by (2.i) 



(8.6) 



Theorem 8.5. Let T be an automorphism ofT. Then 



^ T ^,...,y„(A,/i) - Tr lw » (q-™B)F Vl 



-2A , 



,Vn 



(a,m). 



where T)^ T is defined by (2.7) 



(8.7) 



The proof of the above two theorems is the same as in the finite-dimensional 
case. 

Remark. The integrability condition on the module W is not essential. 



The classical limits of Theorems 
ing classical limits of Theorems 2.1 



3.2 



2.4 



S.5| are analogous to the the correspond- 
in Section 7. 
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